NON-ABELIAN REIDEMEISTER TORSION FOR TWIST KNOTS 



JEROME DUBOIS, VU HUYNH, AND YOSHIKAZU YAMAGUCHI 



Abstract. This paper gives an explicit formula for the SL 2(C)-non-abelian Reidemeister 
torsion as defined in | Dub06 | in the case of twist knots. For hyperbolic twist knots, we 
also prove that the non-abelian Reidemeister torsion at the holonomy representation can 
be expressed as a rational function evaluated at the cusp shape of the knot. 



1. Introduction 

Twist knots form a family of special two-bridge knots which include the trefoil knot 
and the figure eight knot. The knot group of a two-bridge knot has a particularly nice 
presentation with only two generators and a single relation. One could find our interest 
in this family of knots in the following facts: first, twist knots except the trefoil knot are 
hyperbolic; and second, twist knots are not fibered except the trefoil knot and the figure 
eight knot (see Remark|2]of the present paper for details). 

The non-abelian Reidemeister torsion associated to a representation of a knot group to 
a general linear group over a field has been studied since the early 1990's. It was initially 
considered as a twisted Alexander polynomial by Lin [LinOl |, Wada fWad941, and later 
interpreted as a form of Reidemeister torsion by Kitano LKit96|, Kirk- Livingston IK L99I 
and Goda-Kitano and Morifuji I1GKM05I . This invariant in many cases is stronger than 
the classical ones, for example it detects the unknot fSW06|, and decides fiberness for 
knots of genus one IIFV07I . Abelian Reidemeister torsions are now well-known, see e.g. 
Turaev's monograph IITur02l : but unfortunately in the case of non-abelian representations 
concrete computations of such torsions are still very few. In [Por97|, Porti began the 
study of the non-abelian Reidemeister torsion (consider as a functional on the non-abelian 
part of the character variety) with the adjoint representation associated to an irreducible 
representation of the fundamental group of a hyperbolic three-dimensional manifold to 
SL2(C). In [Dub05|, the first author introduced a sign-refined version of this torsion. In 
the present paper, we call this (sign-refined) torsion the SL2(C)-non-abelian Reidemeister 
torsion. One can observe that this torsion has connections with hyperbolic structures, the 
theory of character variety, and the theory of Chern-Simons invariant, see e.g. |DK07 1. 

In llDub06 Main Theorem], one can find an "explicit" formula which gives the value of 
the non-abelian Reidemeister torsion for fibered knots in terms of the map induced by the 
monodromy of the knot at the level of the character variety of the knot exterior. In particu- 
lar, a practical formula of the non-abelian Reidemeister torsion for torus knots is presented 
in IIDub06 Section 6.2]. One can also find an explicit formula for the non-abelian Rei- 
demeister torsion for the figure eight knot in |Dub06 Section 7]. More recently, the last 
author found OYamOSI Theorem 3.1.2] an interpretation of the non-abelian Reidemeister 
torsion in terms of a sort of twisted Alexander polynomial (called in this paper, the non- 
abelian Reidemeister torsion polynomial) and gave an explicit formula of the non-abelian 
torsion for the twist knot 52- 
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In the present paper we give an explicit formula of the non-abelian Reidemeister torsion 
for all twist knots. Since twist knots are particular two-bridge knots, this paper is a first 
step in the understanding of the non-abelian Reidemeister torsion for two-bridge knots. 

Organization 

The outline of the paper is as follows. We recall some properties of twist knots in Sec- 
tion |2l In Section [3] we give a review of the character variety of twist knots including 
remarks on parabolic representations and Riley's method for describing the non-abelian 
part of the character variety. Next we give an explicit formula for the cusp shape of hyper- 
bolic twist knots. In Section HI we recall the definition of the non-abelian Reidemeister 
torsion for a knot and an algebraic description of this invariant. We give formulas for the 
non-abelian Reidemeister torsion for twist knots in Section |5] In particular, we show in 
Subsection 15 . 3 1 that the non-abelian Reidemeister torsion for a hyperboUc twist knot at its 
holonomy representation is expressed by using the cusp shape of the hyperbolic structure of 
the knot complement. The last part of the paper (Subsection l5.4l i deals with some remarks 
on the behavior of the sequence of non-abeUan Reidemeister torsions for twist knots at the 
holonomy indexed by the number of crossings. The appendix contains concrete examples 
and tables of the values of the non-abehan torsion for some explicit twist knots. 

2. Twist knots 

Notation. According to the notation of MHS04I . the twist knots are written J{+2, «), where 
n is an integer. The n crossings are right-handed when n > and left-handed when n < 0. 




n-crossings n-crossings 



Figure 1 . The diagrams of 7(2, n) and J(-2, n), n > 0. 



Here are some important facts about twist knots. 

(1) By definition, if n e {0, 1) then 7(2, n) and 7(-2, -n) are the unknot. Also observe 
that 7(2,-1) and 7(-2, 1) are isotopic to 7(-2, -2) and 7(2,2) respectively (for 
general cases, see below). For this reason, in all this paper, we focus on the knots 
7(+2,«) with |«| > 2. 

(2) If we rotate the diagram of 7(2, n) by a 90 degrees angle clockwise then we get 
a diagram of a rational knot in the sense of Conway. In rational knot notation 
7(2, n), n > 0, is represented by the continued fraction [n, -2] - /„ = 
Therefore in two-bridge knot notation, for n > we have 7(2, n) = b(2n - 1 , -n) = 
b(2n- l,n- 1). 

Similarly, the knot 7(2, -n), n > 0, is represented by the continued fraction 
[-n, -2], therefore 7(2, -n) = b(2n + l,n + l).0n the other hand, the knot 7(-2, «), 
n > 0, is b(2n + l,n) and 7(-2, -n), n > 0, is b(2n - 1 , n). 

(3) Two other important observations are the following: 

• the twist knot 7(2, n) is isotopic to 7(-2, n - 1) (see IIHS04I ). 

• and 7(-2, -n) is the mirror image of 7(2, «). 
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As a consequence, we will only consider the twist knots 7(2, n), where n is an integer 
such that \n\ > 2. From now on, we adopt in the sequel the following terminology: a twist 
knot 7(2, n) is said to be even (resp. odd) if n is even (resp. odd). 

Example. Note that in Rolfsen's table ORol90L the trefoil knot 3i = 7(2, 2) = /7(3, 1), the 
figure eight knot 4i = 7(2, -2) = ^7(5, 3), 52 = 7(2, 4) and 6i = 7(2, -4) etc. 

Notation. For a knot in 5^, we let Ek (resp. I\{K)) denote the exterior (resp. the group) 
of K, i.e. Ek - \ N(K), where N(K) is an open tubular neighborhood of K (resp. 
n{K) = 7:,{Ek)). 

Convention. Suppose that 5 ^ is oriented. The exterior of a knot is thus oriented and we 
know that it is bounded by a 2-dimensional torus T^. This boundary inherits an orientation 
by the convention "the inward pointing normal vector in the last position" . Let int(-, ■) 
be the intersection form on the boundary torus induced by its orientation. The peripheral 
subgroup 7i\{T^) is generated by the meridian-longitude system (^i,X) of the knot. If we 
suppose that the knot is oriented, then ji is oriented by the convention that the linking 
number of the knot with jj. is +1. Next, A is the oriented preferred longitude using the 
rule int(yu, A) - +1. These orientation conventions will be used in the definition of the 
(sign-refined) twisted Reidemeister torsion. 

Twist knots live in the more general family of two-bridge knots. The group of such 
a knot admits a particularly nice Wirtinger presentation with only two generators and a 
single relation. Such Wirtinger presentations of groups of twist knots are given in the two 
following facts (see for example I.Rol90J or liHS04J for a proof). We distinguish even and 
odd cases and suppose that m e Z. 

Fact 1. The knot group of 7(2, 2m) admits the following presentation: 



where w is the word [x,y ] - xy x y. 

One can easily describe the peripheral-system (yu, A) of a twist knot. It is expressed in 
the knot group as: 



where we let w denote the word obtained from w by reversing the order of the letters. 

Remark 1. The knot group of a two-bridge knot K admits a distinguished Wirtinger pre- 
sentation of the following form: 



n{K) = <jc,y I = yO) where Q = x'''y''"x^'-y^"-' ■ ■ ■ x^"y'\ with e, = +1. 
With the above notation, for K - 7(2, 2m), m e Z \ {0), the word Q is: 



Here w - (w) , i.e. the word w is obtain from w by changing each of its letters by its 
reverse. Of course this choice is strictly equivalent to presentation ([T]). But in a sense, when 
m > Q the word w'" does not give a "reduced" relation (some cancelations are possible in 
w'" xw^"'y^^) which is not the case for the word Q„,. 



(1) n(7(2, 2m)) ^{x,y\ w'"x = yw"'} 
where w is the word [y, x"'] = yx^'y^'x. 

Fact 2. The knot group of J (2, 2m + \) admits the following presentation: 

(2) n(7(2, 2m -H 1)) = <x,y I w^x = yw"") 



= X and ^ = (w)"'w'". 



(3) 




Some more elementary properties of twist knots are discussed in the following remark. 
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Remark 2. (1) The knot groups 11(7(2, 2m + 1)) and 11(7(2, —2m)) are isomorphic by 
interchanging x and y. Algebraically, it is thus enough to consider the case of even 
twist knots (see in particular Remark [13]) . 

(2) The genus of a twist knot is 1 ( IIAda94l p. 99]). Thus, the only torus knot which is 
a twist knot is the trefoil knot 3 1 . 

(3) Twist knots are hyperbolic knots except the trefoil knot (see for example IIMen84l '). 

(4) It is well known (see for example IIRol90ll ) that the Alexander polynomial of the 
twist knot 7(2, 2m) is given by A y(2,2m)(0 - mt^ + (1 - 2m)t + m. Moreover, using 
the mirror image invariance of the Alexander polynomial, one has Ay(2,2m+i)(f) - 
Ay(2-2m)(0- Thus the Alexander polynomial becomes monic if and only if m is ±1. 
As a consequence, the knot 7(2, 2m) is notfibered (since its Alexander polynomial 
is not monic) except for m - ±1, that is to say except for the trefoil knot and the 
figure eight knot, which are known to be fibered knots. 




Figure 2. The Whitehead link. 



(5) Twist knot exteriors can be obtained by surgery on the trivial component of the 
Whitehead link'W (see Fig.|2]i. More precisely, Eji^-im) - 'W{l/m) is obtained 
by a surgery of slope 1/m on the trivial component of the Whitehead link 'W, 
see l|Rol901 p. 263] for a proof. As a consequence, twist knots are all virtually 
fibered (a manifold M is said to be virtually fibered if there is a finite cover of M 
that is fibered), see l,Lei02J . 

3. On the SL2(C)-character variety and non-abelian representations 

3.1. Review on the SL2(C)-character variety of knot groups. Given a finitely generated 
group n, we let 

R{7T- SL2(C)) = Hom(7r; SL2(C)) 

denote the space of SL2(C)-representations of n. As usual, this space is endowed with 
the compact-open topology. Here n is assumed to have the discrete topology and the Lie 
group SL2(C) is endowed with the usual one. 

A representation p: tt ^ SL2(C) is called abelian if pin) is an abelian subgroup of 
SL2(C). A representation p is called reducible if there exists a proper subspace U c 
such that p(g)(U) c U, for all g & n. Of course, any abelian representation is reducible 
(while the converse is false in general). A representation is called irreducible if it is not 
reducible. 

The group SL2(C) acts on the representation space R{7r; SL2(C)) by conjugation, but the 
naive quotient /?(7r; SL2(C))/SL2(C) is not Hausdorff in general. Following IICS83L we 
will focus on the character variety X(7t) - X{7t; SL2(C)) which is the set of characters of 
TT. Associated to the representation p e R{7t;SL2(C)), its character : ;7r — » C is defined 
by Xpis) - tr(p(^))^ where tr denotes the trace of matrices. In some sense X(7r) is the 
"algebraic quotient" of R(7r; SL2(C)) by the action by conjugation of PSL2(C). It is well 
known that R(7r, SL2(C)) and X(7r) have the structure of complex algebraic affine varieties 
(see ESSSl). 
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Let SL2(C)) denote the subset of irreducible representations of tt, and X^'"{n) 

denote its image under the map R{ji\ SL2(C)) — > X{ji). Note that two irreducible repre- 
sentations of Ti in SL2(C) with the same character are conjugate by an element of SL2(C), 
see IICS83I Proposition 1.5.2]. Similarly, we write X"*(n(/:)) for the image of the set 
^nab(n(^)) of non-abelian representations in X(Il(K)). Note that X"^{Il{K)) c X"*(n(/:)) 
and observe that this inclusion is strict in general. 

3.2. Review on the character varieties of two-bridge knots. Here we briefly review 
Riley's method IIRil84ll for describing the non-abelian part of the representation space of 
two-bridge knot groups. 

The knot group of a two-bridge knot K admits a presentation of the following form: 

(4) n{K) = {x,y\ D.X = yQ) where D = x'^y'-x'-y'-' ■ ■ ■ x'"y", e; = ±1. 

We consider the following matrices: Ci = ( ^ ,//-), Di = ( ^ , ,^ ;- 1 ; and 

\0 l/y/s) \ -u l/y/s) 

1 1/ ■\fsj '2 = 1 ' where s e C , V'^ is some square root, and 

M e C. 

Remark 3. Note that C2 and D2 are respectively conjugate to C\ and D\ via U - ^'^ ^^,4 ). 

For a two-bridge knot K, x and y are conjugate elements in ll(K) and represent meridi- 
ans of the knot, therefore p(x) and p(y) have same traces. If p(x) and p(y) do not commute, 
i.e. if p is non-abelian, then up to a conjugation one can assume that p(x) and p{y) are the 
matrices Ci and Di respectively. With this notation, we have the following result due to 
Riley llRil84ll . 

Proposition 3. The homomorphism p: Tl(K) — > SL2(C) defined by p(x) — C\ and p(y) = 
D\ is a non-abelian representation oflliK) if and only if the pair {s, u) € €? satisfies the 
following equation: 

(5) wi,i H- (1/ Vs- V;?)wi,2 = 
where W - p(il). 

Conversely, every non-abelian representation is conjugated to a representation satisfy- 
ing Eq. 0. 

Remark 4. Similarly, if p(x) = C2 and p{y) - D2, then Riley's equation is 

(6) Wi,i -H (1 - s)wi,2 = 0. 

Notation 1. We let <Pk(s, u) - wij -h (1 - s)wi^2 denote the left hand side of Eq. ^ and 
call it the Riley polynomial of K. 

3.3. The holonomy representation of a hyperbolic twist knot. 



3.3.1. Sotne generalities. It is well known that the complete hyperbolic structure of a hy- 
perbolic knot complement determines a unique discrete faithful representation of the knot 
group in PSL2(C), called the holonomy representation. It is proved |,Sha02,, Proposition 
1.6.1] that such a representation lifts to SL2(C) and determines two irreducible representa- 
tions in SL2(C). 

The trace of the peripheral-system at the holonomy is ±2 because their images by the 
holonomy are parabolic matrices. More precisely, Calegari OCal06l proved that the trace of 
the longitude at the holonomy is always -2 and the trace of the meridian at the holonomy 
is +2, depending on the choice of the lift. We summarize all this in the following important 
fact. 
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Fact 4. Let po be one of the two lifts of the discrete and faithful representation associated 
to the complete hyperbolic structure of a hyperbolic knot K and let — BEk denote the 
boundary of the knot exterior The restriction of pQ to niij^) is conjugate to the parabolic 
representation such that 

1 1 \ , / -1 c 



^""±1 1 j' -\ -1 

Here c — c(A,p.) € C is called the cusp shape ofK. 

Remark 5. The universal cover of the exterior of a hyperbolic knot is the hyperbolic 3- 
space H^. The cusp shape can be seen as the ratio of the translations of the parabolic 
isometries of induced by projections to PSL2(C). Of course, the cusp shape c = c{A,p) 
depends on the choice of the basis (ju, A) for niij^). A change in the basis of ni{T^) shifts 
c by an integral Mobius transformation. 

3.3.2. Holonomy representations of twist knots. This subsection is concerned with the 
SL2(C)-representations which are lifts of the holonomy representation in the special case 
of (hyperboUc) twist knots. In particular, we want to specify the images, up to conjugation, 
of the group generators x and y (see the group presentation (|4|). 

Lemma 5. Let K be a hyperbolic two-bridge knot and suppose that its knot group admits 
the following presentation Tl(K) — {x,y\ Qx — yQ). /fpo denotes a lift in SL2(C) of the 
holonomy representation, then po is given, up to conjugation, by 

1 1 \ / 1 



where u is a root of Riley's equation 4>k(^, u) — Q ofK. 

Proof. It follows from Fact H] that each lift of the holonomy representation maps the 
meridian to ± ( q [ ) . It is known that the lifts of the holonomy representation are irre- 
ducible SL2(C)-representations, in particular, non-abelian ones. Hence we can construct 
the SL2(C)-representations which are conjugate to the lifts of the holonomy representation 
by using roots of Riley's equation. Using Section [321 if x is sent to + ( q [ ) then y is sent 
to + ^ I J where m is a root of Riley's equation ( 1 , m) = 0. □ 

Notation. If we let A be an element of SL2(C), then the adjoint actions of A and -A are 
same. So, we use the SL2(C)-representation such that 

^ ^ y*^!^?] (where M is such that 0a:(1, m) = 0) 



1/'-' \ -u I ^ 

as a lift of the holonomy representation and we improperly call it the holonomy represen- 
tation. 

3.4. On parabolic representations of twist knot groups. In this subsection, we are in- 
terested in the parabolic representations of (hyperbolic) two-bridge knot groups and espe- 
cially twist knot groups. The holonomy representation is one of them. Lemma |5] charac- 
terizes the holonomy representation algebraically and says that it corresponds to a root of 
Riley's equation 0/^(1, m) = 0. A natural and interesting question is the following: which 
roots of Riley's equation (pK{l, m) = correspond to the holonomy representation? Here 
we will give a geometric characterization of such roots in the case of two-bridge knots. 

3.4.1. Remarks. We begin this section by some elementary but important remarks on the 
roots of Riley's equation 0/^(1, m) = corresponding to holonomy representations. 

(1) One can first notice that such roots are necessarily complex numbers which are 
not real, because the discrete and faithful representation is irreducible and not 
conjugate to a real representation (i.e. a representation such that the image of each 
element is a matrix with real entries). 
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(2) One can also observe that holonomy representations correspond to a pair of com- 
plex conjugate roots of Riley's equation <pKi^,u) = as it is easy to see. 

3.4.2. Generalities: the case of two-bridge knots. Let A' be a hyperbolic two-bridge knot. 
Suppose that a presentation of the knot group Il(K) is given as in Eq. Q by 

Yl{K) = {x,y\ Qx - yQ), where Q is a word in x,y. 

The longitude of K is of the form: A -Q. Qx". Here n is an integer such that the sum of 

the exponents in the word Ais Q and we repeat that Q denotes the word obtained from Q 
by reversing the order of the letters. 

Letp: n(K) — > SL2(C) be a representation such that: 

1 1 \ / 1 



1 /' ^ ■ ' "\ -M 1 



where u is necessarily a root of Riley's equation u) - 0. Suppose that 



Wl,l Wi,2 
W2,l W2,2 

where w,j is a polynomial in u for all /, j e {1,2}. 

Riley's method gives us the following identities (see Section [T2] l: 

wij = and mwi_2 + W2,i — 0. 

Thus 

y -MWl,2 1^2,2 

The fact that p(w) e SL2(C) further gives the following equation: 

(7) MM' 12 - 1- 

The crucial point for computing p(A) is to express p(Q) with the help of p(Q). Consider 
the diagonal matrix: 

/ 
-i 

where i stands for a square root of -1. Let Ad denote the adjoint representation of the Lie 
group SL2(C). Then the following identities hold: 

p(x-') = Adiipix)), P(y'') = Adi(p(y)) andp(Q-') = Adi(pm. 



e SL2(C), 



Thus, we have 



Next, a direct computation gives: 

-uw 



(8) p(i) = p(Q)p(Q)p(x)" = '-^ '-^ 2 



Combining Eqs. Q and (O, we obtain 

i-m / n / ~1 -n + 2wi,2M'2,2 

(9) p(A) -' 



1,2 



-1 
And we conclude that the cusp shape of K is 
(10) c-n- 2wi,2W2,2- 

Remark 6. In particular, Eq. (|9]) gives us, by an elementary and direct computation, Cale- 
gari's result lCal06 |: trpo(/l) = -2 for the discrete faithful representation po associated to 
the complete hyperbolic structure of the exterior of a (hyperbolic) two-bridge knot. 
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3.4.3. The special case of twist knots. In the case of hyperbolic twist knots, we can further 
estimate w, j in Eq. ( fTOl l. In fact, we only consider the case where K - J{2, 2m) in what 
follows. The group n(K) of such a knot has the following presentation: 

n(K)^{x,y\w'"x^yw"'}, 

where w is the commutator [y, x '] (see Fact[Tl Section |2l). A direct computation of the 
commutator p(w) - [piy),p(xy^] gives: 

W-p(w)-i ^2" 2 " 1 I (where M is such that (;*/;■( 1, m) = 0). 

Using the Cayley-Hamilton identity, it is easy to obtain the following recursive formula 
for the powers of the matrix W: 

(11) W'' -(u^ +2)W''-^ +W''-^ ^0, k>2. 

Eq. ( fTTT ) implies, by induction on k, 

W2,2 - -(m + 2)wi,2. 

Since n — and mWj 2 = 1' the cusp shape of the twist knot K is: 

2m + 4 



n + (2u+ 4)w^ 



'■2" u 



In other words, the root uq of Riley's equation (Pk{1,u) - corresponding to the holo- 
nomy representation satisfies the following equation: 

(12) Mo ^ 



C - 2 

where c is the cusp shape of the knot exterior. 

Remark 7. Eq. (fT2l l gives a geometric characterization of the (pair of complex conjugate) 
roots of Riley's equation cf>K(l,u) = associated to the holonomy representation in terms 
of the cusp shape, a geometric quantity associated to each cusped hyperbolic 3-dimensional 
manifold. 

3.5. The character varieties of twist knots: a recursive description. T. Le ||Le94| gives 
a recursive description of the SL2(C)-character variety of two-bridge knots and apply it 
to obtain an explicit description of the SL2(C)-character variety of torus knots. Here we 
apply his method to obtain an explicit recurrent description of the SL2(C)-character va- 
riety of twist knots. This is the main difference with the description given by Hoste and 
ShanahanlESOl. 

Let n - 2m or 2m + 1, recall that 11(7(2, n)) = {x,y\ Q.,nX = y^m), where Q„, is a word 
in x,y (see Facts [TJQ. 

Notation. Let y e 11(7(2, n)). Following a notation introduced in IICGLS87 L we let 

ly : X(n( J{2, n))) ^ C 
be the trace-function defined by 7y : p i-> tr(p(y)). 

Let a - Ijc, b - /„, and recall the following useful formulas for A,B,C e SL2(C): 

(13) tr(A"') = tr(A) and tr(AB) = tr(BA), 

(14) ti-(AB) + tr(A"'B) = tr(A)tr(B), 

(15) tr(ABA"'B"') = -2 - tr(A)tr(B)tr(AB) + (tr(A))^ + (tr(B))^ + (tr(AB))l 

As X and y are conjugate elements in 11(7(2, n)), we have ly - a - Ix- If 7 is a word 
in the letters x and y, then ly can always be expressed as a polynomial function in a and 



b. For example, combining the usual Formulas ( fT3] ). ( fT4b and ( fTsT l. one can easily observe 
that for w = [y, = yx^'y^'x, we have 

(16) I„ = -2 - + 2a^ + b^. 

The character variety of 11(7(2, n)) is thus parametrized by a and b. Here is a practical 
description of it: 

(1) We first consider the abelian part of the character variety. It is easy to see that the 
equation - b - 2 = Q determines the abelian part of the character variety of any 
knot group. 

(2) Next, consider the non-abelian part of the character variety of 11(7(2, n)), suppose 
that the length of the word Q,„ is 2fc + 2 (we know that the length of Q,„ is even). 
According to IILe94l Theorem 3.3.1], the non-abelian part of the character variety 
of n(7(2, n)), for n - 2m or 2m + 1, is determined by the polynomial equation: 

<i>„(a,b)^0, 

where 

0,„(fl, b) = In,,, - In:,, +■■■ + (-D^-^nir + ("l)*^'- 
Here we adopt the following notation: if A is a word then A' denotes the word 
obtained from A by deleting the two end letters. 

Let us give the two simplest examples to illustrate this general result and find again 
some well-known facts. 

Example 1. The trefoil knot 3i is the twist knot 7(2, 2). With the above notation, one has 
Qi = x^'y Thus applying Le's method, the non-abelian part of the character variety is 
given by the polynomial equation: 

^iia,b) - I^-iy-i -1=0, 

which reduces to 

b^l. 

Example 2. The figure eight knot 4i is the twist knot 7(2, -2). With the above notation, 
one has - x 'yxy Thus, the non-abelian part of the character variety of the group 
of the figure eight knot is given by the polynomial equation: 

0_l(a, b) = Vly^j,-! - /yx +1=0, 

which reduces, using Equation (fTSI l. to: 

2a^ + b^-a^b-b^ 1. 

Now, we turn back to the general case and only consider the twist knot 7(2, 2m) (see 
Item (2) of Remark|2]i. Recall that (see Remark[T]i: 



(17) 11(7(2, 2ot)) - {x,y \ Q,„x = yQm), where Q„ 




if m < 0, 
y'^ if m > 0. 



Here w = [y, x '] and w = [y ',x] and observe that the length of the word Q„, is 4m, if 
m < 0, and 4m - 2, if m > 0. 

Our method is based on the fact that the word Q,„ in the distinguished Wirtinger presen- 
tation (Vi\ of 11(7(2, 2m)) presents a particularly nice "periodic" property. This property is 
discussed in the following obvious claim. 

Claim 6. For m e Z*, we have 

ifm < -2, 
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Based on Claim|6l for m > 0, we adopt the following notation: 

Sm - /n„+2' - Aa.,+2)'' - Aa,+2)" ™d y,^ - /(n,„+,)"', 

and similarly, for m < 0, 

S„ = /n„,_2> = An„,-2)'' = An,„-2)" ™d V,; = /(n,„_,)"'- 
The Cayley-Hamilton identity applied to the matrix e SL2(C) gives 

A'" {a* - (ti A^)A^ + l) = 0. 
Write c(fl, b) = /n, ; thus for m > 0, we have 

and same relations for T^, and hold. Similarly, we have 

5„_4-c(fl,/7)5„,_2 + 5,7, = 

and same relations for T^, and y,7, also hold. 

If we write Rf^^ - S% - + U^^ - for m e Z, then above computations can be 
summarized in the following claim which give us a recursive relation for {R%),„^2,- 

Claim 7. The sequence of polynomials {R'^ia, b))^^^, satisfies the following recursive rela- 
tion: 

(18) Ri,,-c{a,b)Ri^^ + Rl^Q. 

In Equation (fTsT l. using Formula (fT4l i and Equation (fTSI l, we have: 
c(a, /7) = /„,2 = -2 = 2 + 40^^? - - Ab^ + a'^b^ - Aa'^b - 2aV + 4a'* + 4aW + b\ 
Let V be such that: 

(19) v + y-^ = c(a,b). 

For m € Z*, we distinguish four cases to derive helpful formulas for in the case of 
twist knots. 

• Case 1: m > is even. 

Let m - 21, with / > 0, and set r,- = 7?2,. Then 

r,+2 = c(a, b)ri+i - n, for / > 0. 

As we have supposed that v + v ' - c(a, b) and following a standard argument in 
combinatorics (see e.g. IIMer03l p. 322]), we have the general formula (which can 
also be proved by induction) r, = Mv' + A^v"', where M and are determined by 
the initial conditions: 

U^Rl^Ml+N- 
\ri = A^oV' + A^+v-i 

Further observe that: 

'"o = Icin - /n; + Iq'; - Inr = /t-iwy-' - L +b-l. 
So, we have 

0„+2 = K„ + Kn-2 + ■ ■ ■ + ^0 
= n + • • • + ro 

= }](Mo%'+<y-') 

!=0 

^v'+'-l ..-'-1-1 



^0 v_i ^^'0 v-i-i 
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• Case 2: m <0 is even. 

Let m = -21, with / > 0, and set r, = Rz^i, i > 0. Similar to the first case, 

r,+2 = c{a, b)ri+i - r„ for i > 0. 

The initial conditions are 

Further observe that: 

ro - ~ + Iq's^ - Isi'n^ = Iw^ ~ ^y(w)-^x + Iw- b. 
Thus, we have 

<^,,-2 ^ R'm+ K^2 + ■ ■ ■ + Rq + ^ 

= O + • • • + ro + 1 

/ 

i=0 



_v'+l-l y-'-I-l 

Case 3: m> is odd. 

Let m = 21+1, with / > 0, and set r,- = /^J+p i > 0. Similar to the first case, 

r,+2 = c{a, fo)r,+i - r,, for i > 0. 

The initial conditions are 

iro=Rt=M^+Nl 
[n = /?3 = M+v + AT+v-i 

Further observe that: 
Thus, 

0^+2 = K+K-2 + ---+Rt + b-l 
= ri + --- + ro + b-l 

I 

= ^(M+v' + N^v-') + b-\ 

i=0 

v'+i - 1 ^y-'-'-l 

Case 4: m <0 is odd. 

Let m = -21 - 1, with / > 0, and set r, = RZ2i-\> i ^ 0. Similar to the first case, 

r,+2 = c(a, - r,-, for j > 0. 

The initial conditions are 



\ro=RZi=M- +N- 
I n = RZ^ = M'v + N'v-^ 



Further observe that: 
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Similarly to the previous case, we have: 

^ ri + ■ ■ ■ + ro + I„ - b + 1 

= YjiM^v' + N;v-') + I„-b+l 

;=0 

v'+' - 1 V"'"' - 1 

= Mf —+N[— — --a^b + 2a^ + b^-b-l. 

If we adopt the following notation: 

(20) Mj(v, I) = M^^^^^^ and A^;(v, /) = N f^J^^ , j = 0, 1, 

then we summarize our computations in the following proposition. 

Proposition 8. The polynomial equation which describes the character variety of the 
group of the twist knot 7(2, n), for n — 2m or 2m + 1, is given by 0„,(fl, b) — where 
the sequence (<D,„(fl, fo))^^^ recursively defined as follows: 

Oo(fl,^)=l, <bi{a,b)^b-\, <b_i(a,b)^-a^b + 2a^ +b^ -b-l, 

and for m > I 

I Mq (v, + A^(|(v', ifm = 21 is even, 

[m+(v, + A^+(v, + ^-1 if m^ 21+ I is odd. 



0,„+2(fl, b) = 




Mq (v, + A^o (^'' ^ + ^ '/"^ = 2Z is even, 

M-{v, I) + N-{v, r)-a^b + 2a^ +b^ -b-1 ifm = 21+1 is odd. 

Here v is defined in Equation M9^ and M'^iv, I), Nf(v, 1) in Equation (\20h 

Remark 8. Observe that in Equations dlTT i and (l22l i. the part Mf(v, I) + Nf(v, I) is the "re- 
cursive" part. In Equation (1211 1 the part b-l corresponds to <&i(fl, b), and in Equation (l22T l 
the part -a^b + 2a^ + b^ - b - I corresponds to 0_i(a, b), see Examples[T]and|2] 

4. Review on the non-abelian REroEMEisTER torsion and twisted polynomial torsion 

4. 1 . Preliminaries: the sign-determined torsion of a CW-complex. We review the ba- 
sic notions and results about the sign-determined Reidemeister torsion introduced by Tu- 
raev which are needed in this paper. Details can be found in Milnor's survey 0Mil66l and 
in Turaev's monograph IITur02l . 

Torsion of a chain complex. Let C, = (0 — s-C„ — '^Cn-i " > ■ ■ — ^Co — ^0) be a 
chain complex of finite dimensional vector spaces over C. Choose a basis c' of C, and 
a basis h' of the /-th homology group //, = //,(C,). The torsion of C» with respect to these 
choices of bases is defined as follows. 

Let b' be a sequence of vectors in C, such that ii,(b') is a basis of = im(ii, : C, — » 
C,_i) and let h' denote a lift of h' in Z, = ker(t/, : C, — > C,_i). The set of vectors 
t/,+i(b'+')h'b' is a basis of d. Let [ii,+i(b'+')h'b7c'] e C* denote the determinant of the 
transition matrix between those bases (the entries of this matrix are coordinates of vectors 
in ii,+i(b'^')li'b' with respect to c'). The sign-determined Reidemeister torsion of C, (with 
respect to the bases c* and h*) is the following alternating product (see ITurOll Definition 
3.1]): 



(23) Tor(a, c*, h*) = (-1)1^-1 ■ P][flf,+i(b'+')h'b7c'] 



(-1)" 



i=0 
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Here 

\CA^Yj"kiC,)Pk{C,), 

where a,(C,) = Y,'k=Q Ck and j6i(C.) = H^-^o ^im 

The torsion Tor(C,, c*, h*) does not depend on the choices of b' and h'. Note that if C, 
is acycUc (i.e. if H, - for all /), then |C*| = 0. 

Torsion of a CW-complex. Let W be a finite CW-complex and p be an SL2(C)-representa- 
tion of ni{W). We define the sl2(C)p-twisted chain complex of W to be 

C4W; 5l2(C)p) = C.(W;Z)®z[.,(„,)] sl2(C)p. 

Here C,(W; Z) is the complex of the universal cover with integer coefficients which is 
in fact a Z[7ri(W)]-module (via the action of ni{W) on W as the covering group), and 
sl2(C)p denotes the Z[;7ri(W)]-module via the composition Ad o p, where Ad: SL2(C) — > 
Aut(sl2(C)), A i-> AdA, is the adjoint representation. The chain complex Ct(W; sl2(C)p) 
computes the 5l2(C)p-twisted homology of W which we denote as H^{W) = Hi{W; Ad o p). 

Let jgj'', . . . , e,*,''| be the set of /-dimensional cells of W. We lift them to the uni- 
versal cover and we choose an arbitrary order and an arbitrary orientation for the cells 
gj'', . . . , e[,''|. If S - {a, b, c) is an orthonormal basis of sl2(C), then we consider the corre- 
sponding basis over C 

cig = (e'/' » a, ef ® b, e*/' » c, . . . , ej'^ » a, e^^ ® b, e{'^ » c} 

of Ci(W; sl2(C)p) = Ct(W; Z) ®z[;r,(H')] sl2(C)p- Now choosing for each / a basis h' of the 
5l2(C)p -twisted homology H'^{W), we can compute the torsion 

Tor(C.(W; sl2(C)p), 4, h*) e C*. 

The cells je*.'' | are in one-to-one correspondence with the cells of W, their 

order and orientation induce an order and an orientation for the cells (e'.'H 

I J )0</s;dira VKU/*;!, 

Again, corresponding to these choices, we get a basis c' over R of C,(W; R). 

Choose an homology orientation of W, which is an orientation of the real vector space 
Ht{W; R) - ®,>g Hi{W; R). Let denote this chosen orientation. Provide each vector 

space HiiW; R) with a reference basis h' such that the basis \h^, /i*'"'^} of HAW, R) is 
positively oriented with respect to 0. Compute the sign-determined Reidemeister torsion 
Tor(C»(W; R), c*, h*) e R* of the resulting based and homology based chain complex and 
consider its sign 

TQ = sgn(Tor(C.(W;R),c*,/i*)) e {±1). 

We define the (sign-refined) twisted Reidemeister torsion of W (with respect to h* and 
0) to be 

(24) TOR(W; 5l2(C)p, h*, 0) = tq ■ Tor(C.(W; 5l2(C)p), Cg, h") e C*. 

This definition only depends on the combinatorial class of W, the conjugacy class of p, the 
choice of h* and the homology orientation 0. It is independent of the orthonormal basis S 
of sl2(C), of the choice of the lifts e^j\ and of the choice of the positively oriented basis of 
Ht(W; R). Moreover, it is independent of the order and orientation of the cells (because 
they appear twice). 

One can prove that TOR is invariant under cellular subdivision, homeomorphism and 
simple homotopy equivalences. In fact, it is precisely the sign (-!)'''•' in Eq. (l23T l which 
ensures all these important invariance properties to hold. 
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4.2. Regularity for representations. In this subsection, we briefly review two notions of 
regularity (see [HeuOSJ, I.Por97J and IIDub06l ). In the sequel K c denotes an oriented 
knot. 

Observe that for any representation p, dim H'^(Ek) is always greater or equal to 1 . We 
say that p e R"^{Yl{Ky, SL2(C)) is regular if dim H'^{Ek) = 1. This notion is invariant by 
conjugation and thus it is well defined for irreducible characters. 

Example 3. For the trefoil knot and for the figure eight knot, one can prove that each 
irreducible representation of its group in SL2(C) is regular (see IDub05l and IIPor97ll '). 

Note that for a regular representation p : n(A') — > SL2(C), we have 

dim H''^(Ek) = 1, dim H^^iEK) = 1 and H''j(Ek) = for all ; 1, 2. 

Let y be a simple closed unoriented curve in dEx- Among irreducible representations 
we focus on the y-regular ones. We say that an irreducible representation p : Tl{K) — > 
SL2(C) is y-regular, if (see ||Por97l Definition 3.21]): 

(1) the inclusion l: y '-^ Ek induces a surjective map 

L,:Hl{y)^H'^{EK), 

(2) if tr(p(7ri(5£^))) c (±2), then p(r) it ±1. 

It is easy to see that this notion is invariant by conjugation, thus the notion of y-regularity 
is well-defined for irreducible characters. Also observe that a y-regular representation is 
necessarily regular (the converse is false in general for an arbitrary curve). 

Example 4. For the trefoil knot, all irreducible representations of its group in SL2(C) are 
.i-regular (see BDubOSII ). 

For the figure eight knot, one can prove that each irreducible representation of its group 
in SL2(C) is /l-regular except two. 

We close this section with an important fact concerning hyperbolic knots. 

Fact 9 ( IIPor97ll ). Let K be a hyperbolic knot and consider the holonomy representation 
po associated to the complete hyperbolic structure. Let y be any simple closed curve in the 
boundary of Eg such that po(y) ^ +1, then po is y-regular 

In particular, for a hyperbolic knot the holonomy representation po is always yU-regular 
and /l-regular 

Applying |Por97l Proposition 3.26] to a hyperbolic knot exterior E^, we obtain that for 
any simple closed curve y, irreducible and non-y-regular characters are contained in the 
set of zeros of the differential of the trace-function ly. 

Remark 9. Since the trace-function ly is a regular function on the character variety, the 
set of irreducible and non-y-regular characters is discrete on the components where ly is 
nonconstant. 

If K is a hyperbolic knot, then the character of a complete holonomy representation is 
contained in a 1 -dimensional irreducible component Xo(n(/r)) of X{Tl{K)), which satisfies 
the following condition: if a simple closed curve y in dE^ represents any nontrivial element 
of Tl(K) then the trace-function ly is nonconstant on Xoin(K)) (see IISha02l Corollary 
4.5.2]). In particular, irreducible characters near the character of a complete holonomy 
representation are //-regular and /l-regular. 

4.3. Review on the non-abelian Reidemeister torsion for knot exteriors. This subsec- 
tion gives a detailed review of the constructions made in [Dub05 , Section 6]. In particular, 
we shall explain how to construct distinguished bases for the twisted homology groups of 
knot exteriors. 
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Canonical homology orientation of knot exteriors. We equip the exterior of K with its 
canonical homology orientation defined as follows (see |Tur02 , Section V.3]). We have 

and we base this R- vector space with Iju]]). Here [[pf]] is the homology class of 

a point, and [[/ij is the homology class of the meridian fi of K. This reference basis of 
Ht(EK', R) induces the so-called canonical homology orientation of Ek- In the sequel, we 
let denote the canonical homology orientation of Ek- 

How to construct natural bases of the twisted homology. Let p be a regular SL2(C)-representation 
of Yl(K) and fix a generator PP of H'^idEK) (i-e. is an element in 512(C) such that 
Adp(g){PP) = PP for all gen, OEk)). 

The canonical inclusion ; : dE^ — » Ek induces (see MPor97l Corollary 3.23]) an isomor- 
phism it : Hf^idEK) H'^(Ek)- Moreover, one can prove that (see IIPor97l Proposition 
3.18]) 

H^OEk) = H2(dEK; Z) ® C. 
More precisely, let HcJ^a:]] £ HiOEk', Z) be the fundamental class induced by the orienta- 
tion of OEk, one has H^_(dEK) = C [ISEkI ® P^]. 
The reference generator of H^iEK) is defined by 

(25) l/^^^^i,([ldEKl®Pn)- 

Let p be a /l-regular representation of ll{K). The reference generator of the first twisted 
homology group H'^{Ek) is defined by 

(26) /z^,/i) = i,([I^l®P'']). 

Remark 10. The generator h^^^iA) of H^{Ek) depends on the orientation of A. If we change 
the orientation of the longitude A in Eq. (|26] |. then the generator is change into its reverse. 

Remark 1 1. Note that H'^(Ek) is isomorphic to the dual space of the 5l2(C)p-twisted coho- 
mology H'p(Ek) - H'{EK',Ad o p). Reference elements defined in Eqs. (|25] | and (|26] | are 
dual from the ones defined in IIDub061 Section 3.4]. 

The Reidemeister torsion for knot exteriors. Let p: n(K) — > SL2(C) be a /t-regular repre- 
sentation. The Reidemeister torsion at p is defined to be 

(27) Tf (p) = TOR [Ek; 5l2(C)p, {/i^,/i), h^^^^}, 0) e C*. 

It is an invariant of knots. Moreover, if pi and p2 are two /l-regular representations 
which have the same character then Tj(pi) = Tj(p2). Thus, defines a map on the 
set X'YiTliK)) ^{xe X'"{niK)) \ x is ^-regular) of A-regular characters. 

Remark 12. The Reidemeister torsion T^(p) defined in Eq. ( |27] | is exactly the inverse of 
the one considered in lDub06|. 

In the following remark we discuss sign properties of the torsion Tj. 

Remark 13. (1) The torsion does not depend on the orientation of K (see IIDub06l 
Proposition 3.4]). 

(2) Let K* denote the mirror image of K, and A* be its preferred longitude as defined 
in Section|2] The character varieties of Ek and Ek' are same and Tj, = T^. 

Indeed, if we take the mirror image of K, then the orientation of the ambient 
3-sphere is reversed, so the orientation of Ek- is the opposite of the one of Ek- 
As a consequence the generator of H^iEK-) defined in Eq. ( l25T l is the opposite of 
the one of H^iEK)- On the other hand, the meridian fi* of K* is the inverse of 
the one of K whereas longitudes are same. So, the homology orientation of K* is 
the opposite of the one of K whereas generators of the twisted H\ are same. As a 
consequence Tj,' = T^. 
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4.4. Review on the non-abelian Reidemeister torsion polynomial. To compute the 
non-abelian Reidemeister torsion for twist knots, we use techniques developed by the 
third author in OYam07l . In fact, we compute a more general invariant of knots called 
the non-abelian Reidemeister torsion polynomial. It is a sort of twisted Alexander polyno- 
mial invariant (but with non-abelian twisted coefficients) whose "derivative coefficient" at 
f = 1 is exactly T^. 

Definitions. Let W be a finite CW-complex. We regard Z as a multiplicative group which 
is generated by one variable f . Let a be a surjective homomorphism from tti ( W) to Z = (f). 

If p is an SL2(C)-representation of 7ri(W), we define the sl2(C)p-twisted chain complex 
of W to be 

a{W- i2(C)p) = C,{W; Z) ®Arfop»a (5l2(C) ® C(f)) , 
where cr ■ y (gi v ® / is identified with cr ® Adp(y)(v) ® / ■ f"'^^' . 

The sign-refined Reidemeister torsion of W with respect to this 5l2(C)p-twisted coeffi- 
cients is defined to be (compare with Eq. jTM ) 

TOR(W; sl2(C)p, h*, o) = TO ■ Tor(C,(H'; 5l2(C)p), Cg, h*) e C(f)*. 

Note that TOR(lV; 5l2(C)p, h*, o) is — as the Alexander polynomial — determined up to a 
factor f™ where m e Z. 

Next we turn back to knots exteriors. From now on, we suppose that the CW-complex 
W is Efc and that the homomorphism a : Tl(K) — > Z is the abelianization. From IIYam05l 
Proposition 3.1.1], we know that if pis /i -regular, then all homology groups /^^(iiA:; sl2(C)p) 
vanishes. So if p is /l-regular, then we define the non-abelian Reidemeister torsion poly- 
nomial at p to be 

(28) rf (p) = TOR(W; ii2(C)p, 0, o) e 



The torsion in Eq. ( 1281 ) is also determined up to a factor f"' where m e Z. It is also shown 
in IIYam05l Theorem 3.1.2] that 

T».-lim^. 

Remark 14. It is shown by T. Kitano f Kit96l Theorem A] that Tf(p) agree with the twisted 
Alexander invariant of K and Ad o p®a. 

How to compute Tfip) from Fox-calculus. Here we review a description of Tfip) from 
a Wirtinger presentation of Y[{K). This description comes from some results by T. Ki- 
tano IIKit96l . For simplicity, write <l> for {Ad o p)®a. Choose a Wirtinger presentation 

(29) n{K)^{x,,...,Xk\ri,...,rk-x) 

of n(A'). Let Wk be the 2-dimensional CW-complex constructed from the presenta- 
tion ( |29t in the usual way. The 0-skeleton of Wk consists of a single 0-cell pt, the 1- 
skeleton is a wedge of k oriented 1-cells x\, . . .Xk and the 2-skeleton consists of {k - 1) 
2-cells Di,. . ., Dk-\ with attaching maps given by the relations r\, . . . ,rk-\ of presenta- 
tion (I29]l. 

F. Waldhausen proved IIWal78l that the Whitehead group of a knot group is trivial. As 
a result, Wk has the same simple homotopy type as Ek- So, the CW-complex Wk can 
be used to compute the non-abelian Reidemeister torsion polynomial defined in Eq. (|28] |. 
Therefore it is enough to consider the Reidemeister torsion of the 5l2(C)p-twisted chain 
complex {Wk, '^h{C)p). 

The twisted complex C,(VVa-; 5l2(C)p) thus becomes: 



(30) ^(SI2(C) ® C{t)f-^ ^(5l2(C) ® C(f))*^5l2(C) ® C(f) — ^0. 
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Here we briefly denote the /-times direct sum of 512(C) ® C(f) by (512(C) » C(f))'- In com- 
plex (l30l l. we have 



(<D(xi - 1),(D(X2- 1 ),..., O(xt-l)). 



and 82 is expressed using the Fox differential calculus and the action given by O = (Ad o 
p) ® a: 



(31) 



52 = 



Let A^^^^^ denote the 3{k- 1) x 3(fe- 1 )-matrix obtained from the matrix in Eq. dSTT ) by 
deleting its /-th row. The torsion polynomial Tf{p) defined in Eq. ( l28T l can be described, 
up to a factor f™ (m e Z), as follows (for more details see ||KL99l|Kit96i ): 

detAi 



(32) 



To ■ 



det(<l)(x, - 1)) 

This rational function has the first order zero at f = 1 MYamOSI Theorem 3.1.2]. The non- 
abelian Reidemeister torsion Tj(p) is expressed as 



(33) 



T^(P) 



lim 



t- 1 



lim 



detA 



To ■ 



KAdop 



(f-l)det(<D(^,-l))j 



Remark 15. From OYamOSI Proposition 4. 3 . 1 ] , we can see that the non-abelian Reidemeis- 
ter torsion associated to a two-bridge knot K is a rational function in s + l/s and u, 
where (s, u) is a solution of Riley's equation (pK{s, u) - 0. In particular, if we consider the 
case for i = 1, then the Reidemeister torsion is a rational function of u. The variable 
u satisfies Riley's equation 0/s-(l, u) - 0. For a hyperbolic twist knot K, u is expressed in 
terms of the cusp shape. Thus the non-abelian Reidemeister torsion Tj at the holonomy 
po is also a rational function in the cusp shape of K. 



5. The non-abelian Reidemeister torsion for twist knots 

In this section, we compute the non-abelian Reidemeister torsion for twist knots. Since 
there exists an isomorphism between the knot groups 11(7(2, 2m+l)) and 11(7(2, -2m)) (see 
Remark |2]i, it is enough for us to make the computations in the case of even twist knots 
K - 7(2, 2m), m e Z. The method used is the following. We will make the computation 
at the acyclic level, i.e. compute the torsion polynomial T^(p), and next apply LYam05l 
Theorem 3.1.2] to obtain Tj(p) (see Eq. OS). 

Remark 16. Remark |2] item (5), says that the knot 7(2, -2m) is obtained by surgery 
on the Whitehead link. Of course the surgery formula for the Reidemeister torsion (see 
e.g. IIPor97l Theorem 4.1 (iii)]) theoretically gives a formula for the non-abelian torsion 
for 7(2, -2m), but unfortunately it is difficult to extract from it an explicit formula as we 
are interested in this paper. 

5.1. The non-abelian Reidemeister torsion for even twist knots. We calculate the non- 
abelian Reidemeister torsion for even twist knots 7(2, 2m) where m is an integer. 

5.1.1. Preliminaries. Following Section [372l and using Riley's method, we can parametrize 
a non-abelian SL2(C)-representation p by two parameters u and s as follows: 
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where s and u satisfy Riley's equation (p j(2,2m)is, u) = 0. Besides, the Riley polynomial for 
twist knots is such that: 

(34) <pj(2.2m)(s,u) = , 

where ^± are the eigenvalues of the matrix p(w) - p([y, x ']) given by 

(35) ^± = i [mH (2 - i - s-^)u + 2 ± V(«^ + (2 - i - i-i)M + 4)(m2 + (2 - i - i-i)M)J . 

5.1.2. Statement of the result. 

Notation. Let ai, 02, fii, P2, c and be as follows: 

c = c(s, m) = M + 1 - i"' ; 
ai = (^- - 1)(^+ + s) + {s- Vfu - su^; 
a2 = {l-su- ^+) (1 + (^+ - s)lc)\ 
/3i = - + s) + {s - \fu - su\ 
/32 = (l-^M-^-)(l+(f--5)/c); 

Remark 17. Using such notation, the Riley polynomial of the twist knot 7(2, 2m) becomes: 

lp]0.,lm)is, U)-{S- C)tm - fm-1- 

With this notation in mind we can write down the general formula for the non-abelian 
Reidemeister torsion for twist knots. 

Theorem 10. Let m be a positive integer. 

(1) The Reidemeister torsion T^^^'^"''(p) satisfies the following formula: 

(36) Tf '""V) = ^ + ]-i_2 f<^i('«)^"'^'» + C2(m)r"'^m + C3(m)l . 

(2) Similarly, we have 

(37) Tf •-2"')(p) = ^° \_c,{-m)f:^-'t„ - C2(-m)^:'"-'f„ + C^{-m)\ . 

s + s ^ — 2^ J 

/n that two formulas we have: 



'^i^'") = ^ M |-'^?(3w + 1) + -j8?(d + 1) - w(^+ - ^-)'(* + - + 1) 
\s+ ~ ys s s 

(,a-w.^)(c(,-f-,.f)}. 



2aia2 
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Cii^^ = TT-^-T-a \-fiOm + 1) + -a\{i_ + 1) - m(f+ - ^^f{s + - + 1) 



2^ 1 a]+0^^ 

s s 



1^ - ^_)2(m2 + 4« + 3) - - + 



4(^+-^)^(* + - + l)- 



d fl 



+ m{s + i - 2)2f2 . 

Remark 18. One can observe that X'^<2,2m) symmetric in Together with the fact that 
^+-^- - 1, we can see that 'x-^P,2m) ^^^j. ^ fmjj^jjgjj of ^+ + ^_ = + (2 - ^ - s^^)u + 2. 

5.1.3. Proof of Theorem\TU\ We make the detailed proof in the case of 7(2, 2m) for m > 0. 
First, recall that the group of 7(2, 2m) admits the following presentation (see Fact[Tll: 

{x,y\w"'x^yw'"}. 

Here w is the word [y, x~^] - yx^^y^^x. 

Before computations, we give an elementary and useful linear algebra lemma about 
trace of matrices in M^iC). 

Lemma 11. The two following items hold: 
(1) Let A be in M3(C). Set 

o-i(A) = tr(A),cr2(A) = ^ (ti-2(A) - tr(A2)) and a^iA) = det(A). 
We have 

det(l + A) = 1 + o-i(A) + o-2(A) + o-3(A) 
and if A e GL(3, C), 

o-2(A) = cri(A-')-det(A). 
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(2) If A — (aij)^^..^^ and B — ibij)^^..^^ are two matrices in M-iiC), then we have 
tr(A)tr(B)-tr(AB) = 



fl2,2 fl2,3 
b3,2 ^3,3 

bl.l ^2,2 



^1,1 ^1,3 
fl3,l fl3,3 

^2,2 ^2,3 
fl3,2 fl3,3 

bl,l ^1,2 
fl2,l fl2,2 



Remark 19. Observe that cr2(A) is the trace of the matrix of cofactors of A. 
Proof. 

(1) The first Eq. of item 1 is well-known. From the Cay ley-Hamilton identity, we 
have 

A^ - a-i(A)A^ + o-2(A)A - det(A)l = 0. 

Multiplying this equation by A"' then taking traces of both sides, we obtain the 
second Eq. of our first claim. 

(2) Second item follows from direct calculations. 

□ 

Fox-differential calculus for 2m-twist knots. Since 7(2, 2m) is a two-bridge knot, the non- 
abelian Reidemeister torsion polynomial T^ip) associated to 7(2, 2m) is expressed as (see 
Eq. (US): 



(38) 



Ti(p) = TO 



det(D(^w"'jcw-'V') 



det<i>(y - 1) 

where <D = Ac/ o p (gi a : Z[n(J(2, 2m))] ^ M3(C[f, r']). 

The following claim gives us the Fox-differential part in the numerator of Eq. ( l38l l. 

Claim 12. For m > 0, we have: 

(39) — {w"'xw-"'y-^) = w'" (l + (1 - x)(l + w"' + ■ ■ ■ + w-"'+')(x-' - x^V)) ■ 
Proof of Claim\T2\ We have: 



dx 



{w'"xw-"'y-^ 



)= ^+w'" + w"'x(-w-"y 



dx 

w'"il +(1 -x)w- 



dx 



, dw'" 
dx 



It is easy to see that 



Thus 



dw d 
dx dx 

,dw' 



[yx V \) 



■ yx 'y ^ — yx ' . 



I dw 



w 



dx 



(1 + --- + w-"'^')w-' — 

dx 



= (1 + w"' + ■ ■ ■ + w-"'^^)(x-^ - x-^y), 

which gives us Eq. ( |39] l. 

Let {E, H, F] be the following usual C-basis of the Lie algebra 512(C): 

^ = ' )"^"( -1 )'^"( 1 
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It is easy to see that the adjoint actions of x and y in the basis [E, H, F] of sl2(C) are given 
by the following matrices: 

-2 ^ ( s ^ 

1 



X — Adp(x) — 



s 

1 




-s 



s 

su 







-2m s ' ^ 



If = At/p(„), then <l)(^w'"xw"'"y"') is given by (see ClaimfT2]i: 

w" (i + (1 - tx)(i + W"' + ■ ■ ■ + W"'"+')(r'x"' - x^'f)) . 

Set Sm(A) = 1 + A + ■ ■ ■ + A'""', for A € SL2(C), we finally obtain: 



(40) 



d 



<b(—w'"xw-"Y^) = W" (l + (1 - fX)5,„(W"')(r'X-' - x-^Y)) . 



Observation about the "second differential" of a determinant. We can compute the non- 
abelian Reidemeister torsion for 7(2, 2m) combining Eqs. (l33T l & ( l40b as follows: 



det(<l)(^w"'xw-'>-i)) 



^y(2,2„,)^^ 



-To lim 



^' '"'AT (r- l)det((D(3;- 1)) 
Using the fact that det W = 1, Eq. (l40l l gives: 



(41) 



det(I)(— w"'xw-'V') = det(l + (1 - fX)5„,(W"')(r'X-' - X-'K)) . 



dx 



If we write det(l + Z„,) for the right hand side of Eq. (ITTT l. then 

det(l + Z;„) 



(42) 
thus 



-To lim 



1 (f- l)2(f2-(sH-s-l)fH- 1) 



rjpy(2,2m)j.^^ _ 



To 



■ lim 



det(l + Z„,) 



i -H i-i - 2 (f - 1)2 
Moreover, using the first item of Lemma [TT] we can split det(l + Z„,) as follows: 

(43) det(l + Z,„) = 1 + cri(Z,„) + cr2(Z,n) + cr3(Z,„), 

where we repeat 

cr,(Z,„) = tr(Z,„), o-2{Z„,) = 1 (tr2(Z,„) - tr(z2)) , crjiZ,,,) = det(Z,„). 

Thus 

1 d^ 



(44) Tf'^""(p) 



To 

s + s-^ -2 2 dt^ 



(1 + crdZ,„) + cr2iZ,„) + cr3{Z„,)) 



With the "splitting" of T^'-'-''-'"' (p) given in Eq. (l44l i in mind, we compute separately 
each "second differential" of the (JiiZm) {i - 1, 2, 3) to obtain the non-abelian Reidemeister 
torsion of 7(2, 2m). 

The "second differential" ofo-j,{Z,„). We concentrate first on the cr3(Z,„)-part of Eq. ( l44l l. 
which is the easier term to compute and correspond to the "second differential" of cr^iZm). 



Claim 13. We have: 

1 d^ 

2 If 



(0-3 (Z,„)) 



lim^^=(2-5-.-')2.mf2 



-i(f-l)2 

Proof of Claim\T3\ By definition cr^iZ,,,) = det(Z,„), thus 

£r3(ZJ = det((l - tX)S„{W-')(t-'X-' - X'^Y)) 

= det(l - fX)det(5„(iy"'))det(r'X-'F)det(F-' - fl) 
(45) = t-^(t -l)\l - ts)(l - ts-^){t - s)(t - s-^)det(S ,„(W-^)). 
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Dividing Eq. ( l45b by (f - 1)^ and taking the limit when t goes to 1, we thus obtain: 

lim ^(2-s- s-'f det(S^(W-')). 

Note, with Eq. dSSl l in mind, that and 1 are the eigenvalues of W^^ - Adpu^yi. It thus 



follows that 



det(5„,(W )) - m r — 

(1-^^x1 -a 

— m — ^ — 



If we substitute the result of Claim[T3]into Eq. (l44l l. we obtain 

1 



(46) T;^*^'^'"V) 



To 



s + s-i - 2 



2*2 



(cri(Z;„) + cr2(Z„,)) 



+ {s + s -2)- mt„ 



t=\ 



The "second differentials" ofcr\{Zm) and cr2(Z„,). We now focus on the "second differen- 
tials" of cri{Z„) and 0-2 (Z,„). If we let 

z„, = (r'x-i -x-'Y)(i - tx)s,„(w-'), 

then it follows from the definitions of cri and 0-2 that 

0-i(Z„,) = cri(Z„,), cr2(Z,„) = 0-2(Z,„). 

We use o-\{Z„,) and cr2(Z„,) instead of cri(Z„,) and cr2{Z„) for our calculations. 
Claim 14. We /zave.- 

--tT{X-'S„,{W-')), 



(47) 
(48) 



2 ^"'^^"'^ 



1 

2^ 



CT2(Z,„) = 3(r2(X-'5,„(W-')) + (r2(F5,„(W-')W-') 

(=1 

- ti- {x-'S„,iW-'))ti- ((1 + X-'Y)S,„(W-')) 
+ tr (x-i5„(W-i)(l + X-'Y)SUW-')) . 

Proof of Claim\J4\ Since o-i(Z,„) is the trace of Z,„, the only term which remains after 
taking the "second differential" at f = 1 is ^\X'^S ,„(W^)\ ■ 



Now we consider cr2(Z„^. From the definition of o-2(Z,„), we have 

1 t/2 

2 dfi2 



2 dfi 



o'2(Z,„) 



4£i(tr^(Z.)-tr(Z^)) 



dfi 



tr'(Z„,) 



df2 



tr(Z',) 



In tr (Z^ ), the following three terms are the terms which remain after taking the second 
differential at f = 1 : 

^r^tr {(X-'SJW-')f)[^^ , 
^ - 2rhr [x-'S„{W-')(\ + X-'Y)Sn,{W-'))[_^ , 
phi {(YS„,(W-')W-'f)[^ 
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Hence 



= - [tx\x-'S,„{W-')) - tr [{X-'S,n{W-')f)\ 

-tr [x-'S^{W-'))\x {{\+X-'Y)S„,{W-')) 
+ tr (x-i5„,(W-')(l +X-'y)5,„(W-')) 

+ i [tr^ (y5,„(W-')W-') - tr [{YS „,{W-')W-'f)] . 



If we substitute Eqs. WT\ & ( l48T l of Claim[T4]into Eq. ( l46t , then we obtain the following 



formula for Tf'^""(p)- 



Claim 15. The non-abelian Reidemeister torsion for 7(2, 2m) satisfies the following for- 
mula: 

To 



(49) Tf ^'^"'(p) 



[tr [X-'SJW-')) + 3cT2iX-'S„AW-')) 
+ cr2(YS,„{W-')W-') 
-tr {x-'SJW-'))tt{SJW-')) 

+ tv{x-'s,„(w-')s„,(w-')) 

-tr {x-'S,„(W-'))tT [X-'YSJW-')) 

+ tr {X-'S,„(W-')X-'YS,„(W-')) +(s + - 2f ■ mti] . 

More explicit descriptions. To find more explicit expression of T]J'^^'^'"'(p), we change our 
basis of 512(C) in order to diagonalize the matrix p(w). 
The SL2(C)-matrix p(w) can be diagonalized by 

M + 1 - .r' M + 1 - s'^ 

1 - 5M - ^+ I — SU — 

Explicitly, p^^p{w)p is the diagonal matrix diag(^+,f_). 

Set a — \ - su - ^+ and b - 1 - su - With respect to the basis {E, H, F} of sl2(C), 
the matrix of the adjoint action of p becomes as follows: 

' -c 2c c ' 

a —(a + b) —b 
a^jc -2ablc -b^jc ^ 

where c = m + 1 - i"' is defined in Subsection l5.1.2l 

Note that the matrix f ' Wf is the diagonal matrix diag(^^, 1,^^). Here we repeat that 

W = Adp^„y 

Set 

X^P-^XP, Y = P-^YP and W = f ' WP. 

Since we have p-^5,„(W"')P = 5,„(tV"'), the matrix p-'5,„(W"')P is the foUowing diag- 
onal matrix 

P-'S„,(W-')P = diag(^!'-'r„„m,^rif,„). 
Moreover as tr(X"'5m(VK"')) = tr(l"'5„,(W"')), we have the following claim. 

Claim 16. We have 



P = At/„ = 



1 



a — b 



ti-ix-'s„,{w-')) 



1 



(a - by 



s 



2\ 



(fl - /7)2(i + + 1) - — - — 

s s 
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Proof of Claim\T^ By a direct computation, we obtain that the (1, l)-component of the 
matrix X"' is equal to p\l{s{a - bf') and its (3, 3)-component is equal to a\l{s{a - b)^). 
We can also find the (2,2)-componentof X"' from tr(X"') = i + i"' + 1. □ 

Now, we compute cr2(X5,„(W"')) and (T2{YS „,(W^^)W^^) from Lemma [TTI as follows. 
Claim 17. The following equalities hold: 



(1) cr2{X-'S,„iW-')) 



1 



(a - by 



/«2 
s 



{a-bf(s + s-^ + l)- — - — 



(2) cr2(y5„,(W-')W-') 



1 



(a - by 



s 



(fl - /7)2(i + i"' + 1) - ^ - ^ 



9 , ^ 



f2 + ^lc-'mt„ 



Proof of ClaimU7\ Using LemmafTTIand because det(X) - l,det(F) = 1 we have: 
cr2(X-'S„,{W-')) = tv{XS„(W-'y') ■ det(5„(W-')) 

and 

cr2iYS„,iW-')W-') = tr{Y-'WS„iW-'y') ■ det(5,„(W-')). 

We obtain the above formulas by computing the traces using X,Y and 5„,(W"') as in 
Claim[T6] □ 

Finally we calculate the other two terms which are of the following form: -tr (A)tr (B) + 
tr(AB). 

Claim 18. We have: 



(1) -ti(X-'S,„(W-'))ti(S,„(W-')) + \i(x-'s,„(w-')sjw-')) 



1 



(fl - by 



( 1 
(a-bf(s+- + 1)- — 



s s 



1 p'^'^ 

{a-bf{s+- + 1)- — 

s s 



(2) If we set X = ('^i,j\<i j<3' ondX Y — ibij)^^^ -^^ then we have 



■ ti-(X-'S„,iW-'))ti-iX-'YS,„(W-')) + tx(X-'S„,(W-')X-'YS,„(W-')) 



01,1 fll,3 
t>3,l ^3,3 

02,2 ^2,3 
^3,2 ^3,3 

^1,1 01,2 
^2,1 ^2,2 



^1,1 ^1,3 
03,1 O33 

^2,2 ^2,3 
03,2 O33 

^1,1 ^1,2 
02,1 02,2 



Proof of Claim\T8\ Item (1) follows from above results and Item (2) follows from Lem- 
ma[TT] □ 



Remark 20. The matrices X andX F are described exphcitly as follows. 

/ /8I 2/3i/32 fn \ 



it-' 



1 



(a - by 



2^1 0-2 
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( (c(l - + 2l )2 -2(c(l - + ^)(c(l - + f ) -(c(l - + f )2 

-(c(l - + f )2 2(c(l - + f )(c(l - + f ) (c(l - + f )2 

One can observe that (a - b)^ is equal to - ^-)^. Thus, if we substitute the results 
given in Claims [HI [n]&[l8] into Eq. gSl, then we obtain Eq. ^ of Theorem [TOl This 
achieves the first part of the proof of TheoremfTOl 

The computation of T^*^'"^'"'(p), for m > 0, is completely similar and has the following 
expression: 

,n . det(0(|-w-'"xw'"y-i)) 

Tf '-'""(p) = -TO lim — - 

^ ^ 1^1 (f- l)det(0(3;- 1)) 

(50) ^ lim^^^^^^^r^ 

Here the matrix Z^^ is given by (1 - tX)S „,(W)(YX-^ - f 'FX 'F '). The right hand side 
of Eq. ( [soi l is given by 



(51) \-t[(X-'S„AW)W) + 3cr2(WX-'S„(W)) + cr2(YS„(W)) 

c 4- — 2 L 



s + s-1 - 2 

tr (X-'5;„(W)W)tr ((1 + X'' Y)S„(W)W) 



ti {X-'S„iW)W{l+X-'Y)S,„iW)W) 



-is + - 2f ■ mtl] . 



Each term in Eq. ( BTl i can be computed similarly as in Claims [T6l [TT] & [TS] which give the 
second item of TheoremfTOl 

5.2. Examples. As an illustration of our main Theorem (TO] we explicitly compute 
on the character variety X^^iYliK)) for the following four examples: the trefoil knot 3i - 
7(2, 2), 52 - 7(2, 4), the figure eight knot 4i - 7(2, -2), and 6i = 7(2, -4) respectively. 
The computer program for the computation is written on the free computer algebra system 
Maxima ||Si06l. 

(1) For the trefoil knot 3i - 7(2, 2), the Riley polynomial is given by 

<Pj(2,2)(^, u) - -1 + S + S'^ - U. 

The computation of the non-abelian Reidemeister torsion for 7(2, 2) is expressed 
as follows. 

- -3to. 

This coincides with the inverse of the result IIDub06l Subsection 6.1] (see Re- 
mark [T2ll. 

(2) For 52 - 7(2, 4), the Riley polynomial is given by 

<f>j(2A)(s, m) = -3 + 2(s + i"') + (-4 + 3(s + i"') -(s + s'Y) u 

+ (-3 + 2(s + s"')) -w". 
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The non-abelian Reidemeister torsion for 52 = -/(2,4) is expressed as follows. 

Tf '"Vvi,") = ^1— t[-2 + 21(.^ + s-') - I0(s + s-'f 

+ {-2 + 15(s + s"') - n(s + s-^f + 5(s + s-^)^}u 
+ {6 + l(s + s-^)-5(s + s-^f}u^] 

= To (-10(5 + S-^) + 1 + [5(S + S-^f - lis + + l) M 

+ [-5(s + s-^)-3)u^). 
(3) For the figure eight knot 4i - 7(2, -2), the Riley polynomial is given by 

'pj(2-2){s, u) - (3- s - s"')(m + 1) + M^. 

The computation of the non-abeUan Reidemeister torsion for 7(2, -2) is expressed 
as follows. 

Tf V.,J - {-2(s + + + - 2) 

= To(-2(i + s-') + l). 

This coincides with the inverse of the result IIDub06 l Subsection 6.3] (see Re- 
mark[T2li in which the torsion is expressed as ± V17 + 4/^. 
Since the longitude A is equal to [y, one has 

h = -2 - {s + s-^) + s"^ + . 

Thus, up to sign, we have 



7l7+4/^ = 2(.9 + .r')-l. 
(4) For 6i - 7(2, -4), the Riley polynomial is given by 

<t>j(2,-4)(s, m) = 5 - 2(s + s"') + (l2 + (s + s'^f - 7(5 + i"')) u+ 

[ll + (s + s-^f - 6(s + i"')) u^ + (5- 2(s + s-^)) + u^. 
The non-abelian Reidemeister torsion for 7(2, -4) is expressed as follows. 

Tf'-^'(PVI,«) 



s + s-^ -2" 

+ {-8 - 34(s + .r') + A9{s + s-^f - 23is + s'^f + 4(s + s-^f}u 

+ [-2 - 31(i + s-^) + 32(s + s-^f - 8(i + s-^f}u^ 

+ {2 - 9(s + s-^) + 4(s + s-^f}u^] 

= TO [{-8(s + s'^f + 10(5 + i"') + 7) 

+ [Ms + .r')^ - 15(s + s-^f + 19(s + i"') + 4)m 

+ (-8(i + i^'f + 16(s + i"') + l) + (4(i + i"') - l) M^] . 

5.3. Twisted Reidemeister torsion at the holonomy representation. In this section, we 
consider the non-abelian Reidemeister torsion for hyperbolic twist knots at holonomy rep- 
resentations. Formulas of the non-abelian Reidemeister torsion associated to twist knots 
are complicated. But we see here that formulas for the non-abelian Reidemeister torsion 
at holonomy representations are simpler. 

Every twist knots except the trefoil knot are hyperbolic. It is well known that an exterior 
of a hyperbolic knot admits at most a complete hyperbolic structure and this hyperbolic 
structure determines the holonomy representation of the knot group (see Section [33T l. With 
Fact|9]in mind, we know that such lifts are /l-regular representations. 
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Remark 21. If we substitute s - I into Riley's polynomial (^y(2,2m)('S, u) given in Eq. (l34b . 
then 



'(2,2m)(l, m) = (1 - U)t„ - t,„^i = (1 - m)' + 



The SL2(C)-representations which lifts the holonomy representation correspond to roots 
of Riley's equation 0y(2,2m)(l, u) = 0. We let p„ denote such representations. 

We are now ready to give a formula for the non-abelian Reidemeister torsion of 7(2, 2m) 
at the holonomy representation in terms of u, which is an algebraic number, defined to be 
the root of a computable algebraic equation. 

Theorem 19. Let m > and u denote one of the two complex conjugate roots of Riley's 
equation <pj(2,2m)(^,u) - (resp. 0y(2,-2m)(l, «) - 0) corresponding to holonomy represen- 
tations, then 

(1) the non-abelian Reidemeister torsion T^'^^'^'"'(p„) satisfies the following formula: 
Tf '""VJ = [(4 + - 4« + 8)) t„M": + C) 



+(-5u^ - 8m + 4)tl] , 



(2) similarly the Reidemeister torsion T]^*^' ^'"\pu) satisfies the following formula: 

Tf '-""Vm) = [(-4 + - 4« + 8)) f„(^: + C) 

+ (afr'+r"') + l)(«'-4)m 
+(-5u^-Su+4)t^„]. 

Remark 22. Combining results of Theorem[T9]with Eq. (fT2l i. the non-abelian Reidemeister 
torsion of a (hyperbolic) twist knot at the holonomy is expressed in terms of the cusp shape 
of the knot. 

Proof. First we make the computations in the case of 7(2, 2m), where m > 0. If we substi- 
tute i = 1 in Eq. (l42l i. then we obtain: 

rpj{2,2m), s ,. det(l+Z„,) 

T; V)--Tohm 

— /V^ 
= — — det(l + Z„,) 

Next, using the splitting of det(l + Z„,) given in Eq. (03]), we get: 

— /V* 

(52) Tf '''"'(p) = ^ ^ [1 + ^i^^™) + ^^2(2'") + '^^(Zm)] 

It follows from Eq. ( l45T l that (f - 1)^ divides a--i{Z„) in the case of 5 = 1. Hence the term 
^o--i{Z„)\ in Eq. ( l52b vanishes. By degrees of f in cri(Z„,) and o-2{Z„,), we obtain the 
following equation from direct computations of the above differentials: 

(53) Tf •2'">(p) = -To[tr(X-'5,„(W-')) + 5(r2(X-'S ,„{W-')) 

- tr (X-'SJW-'))tr ((1 + Y)SJW-')) 
+ tr(X-'SJW-'){l+X-'Y)S,„(W-'))]. 
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Note that ^+ + ^_ = + 2 and - = u^(u^ + 4). By Claims [161 [n]& [18] we have 
cr2(X-'5^(iy-')) = [4m(^:' + ^!')fm - - 4)?^] 

and 

-\i{X-'SJW-'))\x{{\+X-'Y)SJW-')) + \i{X-'SJW-'){\ + X-iF)5„,(W-i)) 
= f8(M + 2)f2 - m{u + 2)(u - eyf; + Ot,. - m{u^ - 4)(^r ' + C)tJ . 



If we substitute these results into Eq. (I53l l. then we obtain the wanted formula for 7(2, 2m). 

Similarly, in the case of twist knots 7(2, -2m), m > 0, from computations of differentials 
we have 

(54) Tf •-2'"'(p«) = -To[-tr(X-'S„,{W)W) + 5(T2(X-'S „,(W)W) 

-tT(X-'S,„(W)W)tT((l + X-'Y)S,„(W)W) 
+ tT(X-'SJW)W(l + X-'Y)S^(W)W)]. 

It follows from Claims [161 [T7]&[Ilthat 

tT(X-'S„,(W)W) = [4(^': + C)tm - («' - 4)m\ 

cr2(X-'S„AW)W) = [4m(^': + C)tm - («' - 4)tl] 

and 

-tr(X-'5,„(W)W)tr((l + X-'Y)S „,{W)W) + \x(X-'S JW)W{\ + X-'YSJW)W)) 
= f8(M + 2)tl - m{u + 2){u - 6)(^T + C)t,n - m{u^ - 4)(^r ' + C^')t,n\ ■ 

If we substitute these results into Eq. ( l54l i , then we obtain the wanted formula for 
7(2, -2m). □ 

5.4. A remark on the asymptotic behavior of the non-abelian Reidemeister torsion at 
holonomy. We close this paper with some remarks on the behavior of the cusp shape and 
of the non-abelian Reidemeister torsion at the holonomy for twist knots. 

Remark 23 (Behavior of the cusp shape). In the Notes IIThu02l p. 5.63], Thurston explains 
that the sequence of exteriors of the twist knots 7(2, —2m) converges to the exterior of the 
Whitehead link on Fig. |2l(link 5j in Rolfsen's table MRol90l ). Note that, if the number 
of crossings m increases to infinity, then the sequence of cusp shapes of the twist knots 
7(2, +2m) converges to 2 + 2/, which is the common value of the cusp shapes of the White- 
head link, see the graph on Fig. [3l This result is a consequence of Dehn's hyperbolic 
surgery theorem. 

The graph on Fig.Ugives the behavior of the sequence of the absolute value of T'J^^'"^"''(po) 
with respect to the number of crossings ti7(2, -2m) - 2 + 2m of the knot. The order of 
growth can be deduced by a "surgery argument" using Item (5) of Remark |2l and the 
surgery formula for the Reidemeister torsion |Por97, Theorem 4.1]. 



Proposition 20. The sequence {jl^^^' ^"''(po)l) has the same behavior as the sequence 
(C((|7(2, —2m))"') /<"" some constant C. 



, for some constant C. 

Ideas of the Proof. Item (5) of Remark|2lgives us that £7(2 -2m) = 'W{l/m) is obtained by 
a surgery of slope l/m on the trivial component of the Whitehead link 'W. Let V denote 
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Figure 3. Graph of the cusp shape of 7(2, -2m) (from Snappea IIWee99l '). 




1 2 3 4 5 6 7 S 9 10 11 12 13 14 IS 16 17 18 19 20 



Figure 4. Graph of \Tf^''^'"\p())\ and /(m) = C(ti7(2, -2m))\ 



the glued soHd torus and y its core. Using ||Por97l Theorem 4.1 (iii) and Proposition 2.25] 
we have, up to sign: 



(55) 



Tf '-'"'Vo) = 'rZ,'A'-'")(po') ■ TOR(y; 5i2(C)p„,r) 
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where TJ^,^,-,„j(po) stands for the (Ac/op())-non-abeHan Reidemeister torsion of the White- 
head link exterior computed with respect to the bases of the twisted homology groups deter- 
mined by the two curves A, and ^I'A'^"' (see IIPor97l Theorem 4.1]), and TOR(y; sl2(C)p„, y) 
stands for the {Ad o po)-non-abelian Reidemeister torsion of the solid torus V computed 
with respect to its core y. Here po denotes the holonomy representation of the Whitehead 
link exterior. 

To obtain the behavior of T^*^'"^'"'(po) we estimate the two terms on the right-hand side 
ofEq. dH: 

(1) Using 0Por97l Proof of Theorem 4.17], it is easy to see that TOR(y; sl2(C)p„, y) 
goes a s 4^ffl^ when m goes to infinity. 

(2) Using ||Por97l Theorem 4. 1 (ii)], one can prove that 

where c - c(/l,//) denotes the cusp shape of 7(2, -2m) (computed with respect to 
the usual meridian-longitude system). Thus, T^^, j,_„,j(po) goes as Y^^,^(po) ■ m 
when m goes to infinity. One can also prove that, at the holonomy, we have 

tX^')^o) = 8(1 + 0. 

As a result, T'[^^'^^'"^(po) goes as C ■ for some constant C. □ 
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Appendix A. Program list and Tables 



A. 1 . Program list for Maxima. We give a program list in order to compute the twisted 
Reidemeister torsion for a given twist knot. This program works on the free computer al- 
gebra system Maxima IISa06l . The function R(m) in the list computes the Riley polynomial 
of 7(2, 2m). The function T(m) computes the twisted Reidemeister torsion for 7(2, 2m). It 
gives a polynomial of s and u such that the top degree of u is lower than that in the Riley 
polynomial 4'J(2,2m){s, u). Here we use Expressions ( |49] | & ( BTI ) and the following remark 
for computing the twisted Reidemeister torsion. 

Remark 24. It follows from Equation ( l34l ) that the highest degree term of m in j(2,2m){s, u) 
is equal to -m^'""' (resp. m^'™') if m > (resp. m < 0). 

Program list 

loadC'nchrpl") ;/*We need this package for using mattrace*/ 
R(m) :=block(/*function for calculating the Riley polynomial of J(2,2m)*/ 
[/*w is the matrix of w=[y,x"{-l}]*/ 

w:matrix([l-s*u, 1/s-u-l] , [-u+s*u*(u+l) , (-u)/s+(u+l) "2]) , 

p], 
w:w" "m, 

p:w[l,l] + (l-s)*w[l,2] , 
p:expand(p) , 
return(p) 

); 

T(m):=if integerp(m) then 

if m=0 then "J (2, 8) is unknot." else 
blockC 

[/*matrix for adjoint action of x*/ 
X:matrix([s,-2, C-D/s] , [0,1, 1/s] , [0,0, 1/s]), 
/*matrix for adjoint action of y*/ 
Y:matrix([s,0,0] , [s*u,l,0] , [(-s)*u"2, (-2)*u, 1/s]) , 
IX, /"'inverse matrix of X*/ 
lY, /"'inverse matrix of Y*/ 

S:ident(3) ,/"'marix for series of W or W'~{-1}*/ 
AS:ident(3) ,/*adjoint matrix of S*/ 
W, /'-matrix W=[Y,IX] */ 
IW, /'-matrix [IX,Y]'V 

d:l,/'-the highest degree of u in the numerator 

of R-torsion'V 
k:l,/'*the highest degree of u in the Riley poly'V 
p:0, 

r :R(m) j/'-the Riley poly'V 
rl /'-a. polynomial removed the top term of u 
from the Riley polynomial'-/ 

], 

IX: invert (X) , 
lY: invert (Y) , 
W:Y.IX.IY.X, 
IW:IX.Y.X.IY, 

/'■'calculating the numerator of R-torsion'-/ 
if m>0 then 
blockC 

/'■calculation of S'-/ 

for i:l thru m-1 do(S:ident(3)+S.IW) , 

AS:adjoint(S) , 

/'■the numerator of R-torsion'-/ 
p : p+mattrace (IX . S) , 

p : p+3'*mattrace (X . AS)+mattrace (lY . W . AS) , 
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p : p-mattrace (IX . S) '-mattrace ( (ident (3) +IX . Y) . S) , 
p:p+mattrace(IX.S. (ident(3)+IX.Y) .S) , 
p:p+(2-s+(-l)/s) '2*determinant(S) , 
/*The top term of u in the Riley poly r 
is given by -u" (2m-l) . 
We use the relation u''(2m-l) = r + u'~(2m-l) later*/ 
k:2""m-l, /"•'■■ the highets degree of u in the Riley poly*/ 
rl ir+u" (2*m-l) 

) 

else 
blockC 

/*calculation of S*/ 

for i:l thru -m-1 do(S:ident(3)+S.W) , 

AS: adjoint (S) , 

p: p-mattrace (IX. S.W) , 

p : p+3 *mattrace (X . IW . AS) +mattrace (lY . AS) , 
p : p-mattrace (IX .S.W) *mattrace ( (ident (3) +IX . Y) . S . W) , 
p:p+mattrace(IX.S.W. (ident(3)+IX.Y) .S.W) , 
p:p-(2-s+(-l)/s) '2*determinant(S) , 
/*The top term of u in the Riley poly r 
is given by u"(2|m|). 
We use the relation u'"(2|m|) = -r + u"(2|m|) later*/ 
k:2*(-m) ,/*the highets degree of u in the Riley poly*/ 
rl : -r+u" (2*(-m)) 

), 

p: expand (p) , 

/* simplify by using r (decreasing the degrees of u)*/ 
/* set the degree of u in p*/ 
d:hipow(p,u) , 

/*decreasing the degrees of u*/ 
for j:l while d >= k do( 

p:subst(rl*u'~(d-k) .u'd.p) , 

p: expand (p) , 

d:hipow(p,u) 

), 

p: factor (p) , 
/*multiplying p 

by the denominator of twisted Alexander*/ 
p:expand(p*(s/ (s"2-2*s+l))) , 
p : f actorout (p , s) , 
r : f actorout (r , s) , 

printC'The Riley polynomial of J (2 , " , 2*m, ") : " ,r) , 
printC'The Reidemeister torsion for J (2 , " , 2*m, ") : ") > 
return (p) 

) 

else print (m, "is not an integer."); 

A. 2. Tables. In this appendix, except in the case of the trefoil knot (the only twist knot 
which is not hyperbolic), u denotes the root of Riley's equation (Pk{\,u) - corresponding 
to the discrete and faithful representation of the complete hyperbolic structure. 

Tables [T] and |2] give the non-abelian Reidemeister torsion for twist knots at the holo- 
nomy (except in the case of the trefoil) with respect to the corresponding root of Riley's 
equation and to the cusp shape of the knot exterior. 
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Non-abelian torsion for /(2, 2m) (1 <m< 10) 




Torsion at the holonomy T'J'^'^'"\pu) (divided by a sign -tq) 


m 


Result by substituting u = 4/(c - 2) into T^^^'^'"''(pu), where c is the cusp shape 


1 




3 


2 


Hm-^ - 7;v + 1Q 




(19c^- 104t+340)/(c-2)^ 


3 


?fi„4 _ 1 7,,3 , QC,,2 _ , <<; 

Z,UM — LIU ^ you T-JW T 


(55c* - 620c^ + 3968c^ - 1 1280c + 17424)/(c - 2)* 


4 


Af^ifi _ T,A„i 4. 7A^„4 _ 1 S7iP -1- AVtlii^ — 1 ^Qi; -1-118 
T-UM j^u ^ z^yjju — u 1 u T T-wz,M — i^yu i lo 




2(59c"' - 1026c^ + 9936c* - 52912c^ + 180592c^ - 352032c + 369280)/(c- 2)" 




69m'* - 54m' + 540m^ - 366m^ + 1360m'' - 733m^ + 1 186m^ - 41 1m + 215 


J 


33723648c + 26688768)/(c - 2)« 


6 


yyw — oiW -ry/LU — 1 1\jU -r — ZlZjM + jUjZM — Z40yM + Zo / JM — 

884m + 353 




(353c'" - 10596c^ + 1731880** - 1742080c' + 122198080" - 61550208c^ + 

ZZoUjUjyZC — 01ZZo4'410C + 1 lOUyj J l jOC — 141 Vxjy DJxj^t -r yUjZ14UoUJ/(,C — 

2)i« 




1-5ZM — 1 1 IM + 1 jOOM — IZUjW + /UD lU — 4olUM + 14yyOM — o04/W + 

15044m'^ - 6710m^ + 6076m2 - 1678m + 539 


7 


(539c^^ - 19648c'^ + 3871760'*^ - 4799040c'' + 422087840** - 274741248c' + 
1363062528c^ - 5187840000c5 + 151185605120^ - 330014556160^ + 

^1 R^Anoi 1 ^ionoon^^7onr -i- oc^AAOoonnc^ Kc 

J i o JOUy i i jDC — J-3ZUZZUD / ZUC + LoJ^^Z.yy\j\Jo ) / y i — Z) 




niii'^ - 1 48m' ' + 2383m '- - 1 899m" + 1 3098m'" - 9475m'' + 36258m** - 23 1 06m ' + 
52884w'"' - 28275m-^ + 38518w-' - 15774m-^ + 1 1636m- - 2914m + 780 


O 

o 


4(,iyjC — oJ/4C + lyjZooC — Zo4044oC + JUUyjJOoC — ZJVoiZUUUC + 

14874347520** - 7287857664o^ + 284049523200*^ - 877726458880^ + 
2125798379520"^ - 393068802048 o^ + 5297826816000^ - 471281852416o + 

218188021760)/(c-2)'4 


9 


215m"'- 188m' V3416m"'-2796m'^+22210m'^- 16767m" +76022m'"-51847mV 

140DjyM — O/OUZM + Ij/y/ZU — latAlU + 6/604M — JJZJ6M + ZUOJZM — 

4730m + 1083 




(10830'" - 53576o'^ + 1417872o"* - 24177568o'^ + 2984842240'-^ - 
/oiuo/jjzuc + zuooyjuoU4oo — iz4ojzjouuyoo + ouoojz/ziyzuo — 

24067833753600^ + 7784342106112c" - 203542109143040^ + 
42341634637824c* - 68068269064192c^ + 804353 172439040^ - 
63 142437978 11 2c + 25688 198283264)/(c - 2)""' 




265m'** - 235m" + 4739m'" - 3964m'^ + 35520m'* - 2771 1m'^' + 144776m'^ - 
103759m" + 348155m'" - 224404m'' + 501055m** - 281458m^ + 417368m" - 

iy4Z4jM + lOJjUUM — 044j4M + J4j J /M — /ZojM + 14jJ 


10 


(1455c'** - 81520o" + 2433812c'" - 47158400c'" + 665730240o'* - 
7230947840c'3 + 6258593 1008o'2 - 44083 1379456o" + 25615229301760'° - 
123719112130560^ + 49827680770048o^ - 167134091640832o^ + 
4642979666821 12o" - 10563166896128000^ + 1931794260754432c* - 
275329605 1208 192o3 + 290190981 11672320^ - 2040504620417024c + 
741196988416000)/(c- 2)'« 



Table 1 . Table for the sequence of knots 7(2, 2m), (1 < m < 10). 
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Non-abelian torsion for J{2, -2m) (1 < m < 10) 




Torsion at the holonomy ' (p„) (divided by a sign tq) 


m 


Result by substituting u = 4/(c - 2) into T^*^'"^"''(p„), where c is the cusp shape 


1 




-3 


2 


lu^ -i- JJ^ -4- '[All — S 






3 


\lu^ + Zu" + 79m^ + 26m2 + 73m + 1 




4 


34m' + 22m'' + 225m^ + 1 19m^ + 439m^ + 162m^ + 229m + 22 








54m'' + 39m'* + 474m' + 300m*' + 141 1m^ + 730m'* + 1619m^ + 586m^ + 551m + 65 


J 


(,OjC + WjD^t — iDjZoC + 1 / jjZUC — 1 IZjZoUC + JD /414'4C — 1 / /oJU'+UC + 

42336768c2 - 62848768c + 53377536)/(c- 2)'' 


6 


CI >* 1 1 _L A'i.yl** _1_ Q^O.y^ _1_ A1 1 7y^ _1_ AO 7y^ _l_ 1 C\A jy^ _l_ Al fJl n"^ _l_ '5n^A7y4 _|_ /IT 1 /l ,y^ _1_ 

1615m2 + 1129m + 137 




(137c^' + 1502c'"-34340c'^+468616c'*-3940960c'+25007808c^-117308544c^+ 

4ZU44ZjOoC — iiUy4/ZUUUC +Z1ZjZj/j44C — ZOZo /U:>ZjZC+ ioU04Zo iOUj/(^C — 

2)" 




21045m5 + 9752m'* + 11610m3 + 3724m2 + 2070m + 245 


7 


(245c'^ + 1910c'^ - 62696c^^ + 1057552:'" - 11025808c'' + 87196704c'* - 
526180096c^ + 2499806720c'5 - 9272200448c5 + 26825366016c4 - 

^ 077^^0 A7/1 _i_ Q/1 1 Ql 71 Q/1AAa2 QQ/1Q/1^0A070/- _i_ 'n7ACC<;QCA1 U r 0^13 




148m1^ + 124m*'*+2195m'^ + 1711m1^ + 13125m" + 9354m1"+40453m''+25698m'* + 

68070m^ + 37044m^ + 60745m5 + 26422m4 + 25394m3 + 7604m2 + 3502m + 396 


Q 
O 


/l/'QQi-i3 _L ^1.0 0AAAA,-A3 , ^Od^^f^f^^ AAAAlAAi-^A _i_ AO'nQ'n'nOA,-"^' 
^\yyZ + J J At — ZOUOUC + jzyojoc — OOUOIOUC + OZjyjjZUC — 

460836032c' + 2719805952c» - 12910096128c'' + 49528327168c*' - 
152285 103 104c5 + 370984 12441 6 c^ - 6956637 1 8400c3 + 961422573568c2 - 
8849 15453952c + 436376043520)/(c - 2) 




188m"+161m1^+3172m15+2552m"+22171m13+i6540„i2+82961m"+56366m'"+ 
14172m2 + 5570m + 597 


9 


(597c" + 1982c''' - 161440c'^ + 3885760c''' - 56503104c'^ + 624108160c'^ - 

^/I171'2'2^ACa11 _i_ '2C1 /f OAQ/f AQA/-10 O 1 Q0AQ0^AO^A^9 i 1 A/f ^Q^Q 1 A'2/1 QQ.-8 

j41/1jjj0oC + jol4ZUo4Uyoc — ZiVoOVojOZjOC + iU4jyjy 1Uj4ooC — 

4105465389056c^ + 13257704030208c'' - 34864687 169536c5 + 
73473552449536c'' - 120432383098880c3 + 146315203575808c2 - 

1 1 9078046597 1 20c + 5 1 376396566528)/(c - 2) '^ 




235M'y + 205m"* + 4434m" + 3659m"' + 35404m'^ + 27360m"' + 155687m'^ + 
111176m'2 + 410964m" + 266255m"' + 665399m' + 380935m^ + 647346m^ + 


10 


(855c'y + 1270c"* -236348c" + 6649256c"'- 110706240c'^ + 1397436800c"' - 
1 3965 196032c'3 + 1 14155938304c'2 - 773068443 136c" + 4380077954048c"' - 
20842143467520c'' + 83401615028224c^ - 279834167951360c^ + 
782314999349248c'^ - 1800640172326912c5 + 3349441682210816c'' - 
4881403696185344c3 + 5296224268058624c2 - 3862939033141248c + 
1482393976832000)/(c- 2)1'' 



Table 2. Table for the sequence of knots 7(2, -2m), (1 < m < 10). 
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